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Optical tweezers, a tightly focussed laser beam, allows for stable contactless three-dimensional confinement and manipulation of micro-and nano-objects [1] . Many exciting applications of this concept have been demonstrated across the domain of biophysics, particularly due to their ability to precisely exert and measure sub-piconewton forces on single molecules or molecular assays [2] . To date, optical tweezers have made many contributions to our understanding of molecular motors and the functionality of biological polymers driving the mechanics of cells [3] [4] [5] . Holographic optical tweezers (HOT) represent the most advanced optical manipulation technique that through the use of wavefront shaping facilitates a multitude of trapping sites which can be simultaneously manoeuvred in all three dimensions at will [6] [7] [8] .
HOT share numerous similarities with the methods of modern microscopy [9] [10] [11] [12] , including instrumentation, particularly the reliance on high numerical aperture (NA) objective lenses as well as the difficulty in reaching higher penetration depths in optically turbid tissues. There is a great desire to study the mechanics of biological processes directly within the complexity of living organisms and at present the practical applications can only reach few tens of micrometres [13] [14] [15] . A perspective strategy to overcome the turbid nature of scattering tissues is the employment of optical fibres, minimally invasive light-guides providing optical access inside.
Fibre-based manipulation schemes date back to the early 1990s [16] . Static three-dimensional optical traps have been constructed using single-mode fibres in combination with elaborate terminations [17] [18] [19] .
The first systems capable of one-dimensional manipulation were realised in counter-propagating dual-fibre schemes [20, 21] , and later, by exploitation of few-mode fibres, enabled the controlled rotation of cells [22, 23] .
Parallel efforts to break through the turbidity barrier have efficiently utilised the deterministic propagation of coherent light through turbulence, based on a feedback of light intensity from within a given medium [24] [25] [26] . This has also resulted in the demonstration of optical manipulation through turbid layers [27] , a concept which however is not directly implementable in-vivo, since optical feedback from within a living tissue is not readily available.
Nonetheless, these strategies became recently very relevant in the context of 1 3-D holographic optical manipulation through high-NA soft-glass multimode fibre -2/13 manipulation through optical fibres:
Wavefront-shaping technology applied to control the light propagation through multimode fibres (MMF), can turn such fibres into ultra-narrow, minimally invasive endoscopes [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Light transmission through MMFs is a complex, seemingly chaotic process. Coherent optical fields propagating in MMFs acquire apparently random phase relations resulting in speckle output patterns bearing no resemblance to the incident fields. In this context, wavefront shaping has arisen as a powerful tool for controlling this complex behaviour. It has allowed the engineering of various elaborate beam shapes including laser foci precisely positioned across the fibre output facet [28, 29] , and subsequently the reconstruction of images from the light signals reflected backwards along the fibre [30] [31] [32] 39] . These studies also brought the possibility of two-dimensional (lateral) optical manipulation [29, 30] .
Due to the limited NA of the commercially available MMFs, however, the resulting foci could not provide full three-dimensional capture of micro-objects. Confined particles therefore had to be prevented from escaping the optical traps along the optical axis, which was realised by trapping against a sample boundary (coverslip).
Three-dimensional confinement typically requires a very high NA (typically around 1). There are several approaches available to enhance the NA of MMFs. These include photonic crystal fibres, offering NAs of up to 0.61 [38] . While this value can be further enhanced to meet the requirements for stable confinement, these fibres may not be suitable for manipulation in practice, since changes to light propagation induced by liquids entering the hollow fibre channels render such fibres unsuitable for use in aqueous environments. The NA of standard MMFs can also be enhanced by means of alternative terminations. Introducing highly turbid layers to the distal facet facilitates NA enhancement to the levels suitable for optical manipulation [39, 40] .
The output modes in this case significantly outnumber the input modes, which poses limits to the control of output fields, resulting in strong random background signals interfering with the foci. Alternative carefully engineered terminations [41] do not suffer from this issue but the price to pay is in the extended footprint of the instrument.
Taking these trade-offs into account we conclude that the ideal candidate for in vivo optical manipulation would be all-solid, step-index MMF with a very high contrast of refractive indices between the fibre core and the cladding thus yielding a very-high NA. Therefore we have designed and manufactured such MMF based on compound "soft-glasses" with an overall diameter as small as 35 µm, offering a uniform high NA across the entire fibre core, which exceeds the value needed for stable 3-D confinement of silica microparticles in water (see Supplementary Results 2 for details of the minimum NA needed). Implementing methods of holographic control of light through the fibres we have encountered a new challenge inherent in such high-NA fibres -a very strong mode-dependent power loss (MDL). This has necessitated the development of new instrumentation and holographic approaches to take the MDL into account, which enabled us to harness the available NA almost completely, and in result, successfully implement 3-D HOT. We have shown the possibility of manipulating multiple objects in elaborate predefined arrangements and demonstrated its functionality inside an optically turbid cavity, thus clearly demonstrating that the technique is suitable for use in complex, hard-to-access environments, including living tissues. Finally, we have analysed the performance of the system in a series of quantitative measurements of trap stiffness for different fibre lengths, and of the positioning accuracy of the confined objects.
Fibre design and fabrication
For the purposes of all studies in this Article, as well as other applications requiring high-NA focussing, we have developed a novel soft-glass step-index multimode fibre. Two lead-silicate glasses with very different refractive indices are used as the core and cladding materials (respectively, Schott SF57: a dense flint glass, with refractive index 1.8117 at 1064 nm, and Schott LLF1: a very light flint, with refractive index 1.5346 at 1064 nm). Such high refractive index contrast yields an NA exceeding 1 at wavelengths below 620 nm and 0.96 at 1064 nm -values previously only accessible using photonic crystal fibres [42] . The fibre features a core diameter of 20 µm and at 1064 nm supports approximately 1600 guided modes. To demonstrate their potential as minimally-invasive probes, the fibre end was post-processed into a flat-cone termination as shown in Supplementary Figure S9 .
Further information concerning the fabrication and post-processing of the fibres is available in the Methods section.
High-resolution focussing and mode-dependent loss
The propagation of light through MMFs is a deterministic and linear process, and so can be represented as a superposition of a set of preferentially orthogonal modes and modelled using a complex-valued transmission matrix (TM) [43, 44] . The optimal choice of modal set depends on the particular application. Since optical traps are essentially tightly focussed laser beams, in our case the TM is empirically measured in the representation of diffraction-limited focal points (FPs), organised across an orthogonal grid [35] . Following this calibration step, we can invert the measured TM and readily design a holographic modulation of the light which, upon implementation using a spatial light modulator, forms FP-generating fields at the proximal end of the fibre. These proximal fields, after being launched into the MMF, result in a single FP mode, or an arbitrary composition of FPs located at desired positions across the fibre output facet. Unlike other complex media, however, MMFs have axially-invariant cylindrical symmetry, which as explained below, can be efficiently utilised to achieve axial positioning of output FPs as well as the manipulation of their spatial content. The cylindrical symmetry gives the origin of mutually orthogonal propagation-invariant modes, also called eigenmodes [35, 45] , that maintain their transverse field distributions during propagation. In highly multimode fibres, the propagation-invariant modes can be grouped into families with similar propagation constants that do not exchange power. Even in deformed fibres, intermodal coupling occurs predominantly within each mode-group, not between mode-groups, which preserves the identity of each mode-group during propagation. In step-index MMFs, as shown in [31] , each mode-group occupies a different annular zone in the proximal far-field and due to the propagation invariance and lack of coupling it will also be found at the same annular zone at the distal far-field after leaving the fibre. In order to utilise this feature to manipulate distal FP modes, let us mention that shifting a focus axially can generally be achieved by adding a defocus -a positive or negative quadratic phase term -to its far-field. Since such modulation is completely azimuthally independent, its application to the proximal far-field will result in the same change to the distal far-field. This way the distal FP modes can conveniently be repositioned in the axial direction simply by adding the defocus to the proximal far-field, thus eliminating the necessity of performing multiple TM acquisitions for different axial distances behind the fibre.
The same feature also makes it possible to normalise the power -a vitally important matter due to significant mode-dependent loss (MDL) in these new fibres. In any MMF, individual mode-groups experience different amounts of attenuation [46, 47] , those with smaller propagation constants (with higher transverse spatial frequencies) having higher loss (Fig. 1a) . In previous studies with commercially available low-NA MMFs, this effect did not become apparent. In the new high-NA fibres over lengths of a few centimetres, however, we have observed a substantial difference in the attenuation of different mode-groups, exceeding one order of magnitude, as shown in Fig. 1c . The resulting non-uniformity of the distal far-field thus impairs full exploitation of the available NA. In order to tackle this limitation, it is therefore necessary to significantly intensify the higher-order mode-groups in order to achieve the uniform distal far-field distribution, as depicted in Multiple holographic tweezers delivered through a lensless multimode fibre. a,b, Multiple holographic tweezers trapping of (a) nine particles in a square-grid arrangement, and (b) eight particles forming a rotating three-dimensional cube. The different brightness of the particles arises from their varying axial positions relative to the focal plane of the imaging microscope objective (the particles appearing 'brighter' are at a greater distance from the fibre endface). Incoherent light for illumination is also delivered through the fibre core, which is visible as a blurred disk in the background. The scale-bars correspond to 5 µm. c,d, Optical manipulation of two particles inside a turbid cavity comprising a complex, hard-to-access environment. The scale-bars correspond to 10 µm. In (a-d), all the particles are 1.5 µm-diameter silica microspheres in a water suspension, the fibre length is 65 mm, and the in vacuo trapping wavelength is 1064 nm. objective, i.e. a plane conjugate to the proximal far-field. The only way to achieve the required power distribution in this arrangement is to discard the excessive power in the central zones, which would be associated with a significant power loss. Therefore we have modified the system in order to project the spatial light modulator onto the fibre facet, as by altering the spatial content of the holographic modulation in this arrangement, we can redistribute the power at will between the central and the peripheral zones of the proximal far-field without incurring such prohibiting power loss. In Fig. 1d ,e the same distal FP mode is compared before and after MDL compensation, indicating an NA enhancement of ≈ 0.1. As seen in Fig. 1f , this value is well maintained for different lengths of the fibre (see Supplementary Results 3 for further details). Even after the MDL compensation, the decreasing trend of NA as a function of the fibre length persists. We speculate that the decreasing signal strength of the higher order modes is associated with growing levels of noise during the TM acquisition, which further affects the higher spatial frequencies of the generated output foci thus limiting their NA.
Multi-trap and 3-D manipulation in complex environments
The high beam quality after MDL compensation allowed us to demonstrate three-dimensional optical trapping with bare multimode fibres up to 150 mm long. The geometry used in these experiments is detailed in the Supplementary Methods 1.
The technique allowed both simultaneous generation of multiple trap sites and independent control of their position in all three dimensions. Figure 2a shows the en face view of nine silica particles trapped in a square-grid arrangement in front of the fibre endface. Incoherent light for illumination is delivered to the scene also by the fibre core and is visible as a blurred bright disk in the background. In Fig. 2b the three-dimensional With such a small footprint, the fibre-based HOT could now allow access to optically inaccessible cavities. To verify this, we prepared a small semi-opaque tube of roughly polished of PMMA with an open channel ∼125 µm wide. An additional optical pathway was set up to allow imaging of the sample from the side. Side-views of simultaneous optical tweezing of two particles, recorded while the fibre was inserted into the tube, are shown in Fig. 2c,d (see also Supplementary Media SM4).
Characterisation of the optical tweezers
In aqueous media, confined particles are subject to Brownian motion so that recording their 3-D trajectories can be used to analyse the strength (stiffness) of the optical trap. Since fibre-based HOT is incompatible with the standard approach of back-focal-plane interferometry [48] , we developed an algorithm to extract the particle positions from high-speed video recordings. The particles used are highly regular spheres, so that their images produce azimuthally invariant signals over a uniform background (see Fig. 3a) . As a first step, we employ the shift-property of the Fourier transform to translate the particle image to the centre of the frame, so the whole frame features the best horizontal and vertical symmetries (Fig. 3b) .
The shift-property of the Fourier transform is very suitable for this operation as even for non-integer pixel shifts it does not affect the spatial content of the images (see Methods for the mathematical background). The amount of particle image shift immediately yields the lateral x and y trajectories, which can be calibrated using the known magnification of the imaging system. This procedure also provides a stack of symmetrised video-frames where the shape of the particle image changes only with axial position (z). As there is only one degree of freedom dictating the changes in the particle image shape, the z coordinate can be extracted using principal component analysis, a multivariate algorithm commonly used to reduce the dimensionality of datasets. Changes to signals of individual pixels in symmetrised frames are, due to the axial motion of the particle, correlated. Principal component analysis transforms this multidimensional space of pixel signals into a set of orthogonal vectors (principal components) in a way that the first principal component would contain the maximum variance of the data set, the second principal component would contain the next most significant variance and so on. As shown in Fig. 3c , only the first two principal components (PC1 and PC2) feature azimuthal symmetry and are not overwhelmed by noise; therefore, we can assume that these variances carry most of the b 2 ) (dashed lines), where κ is the stiffness, P is the output optical power, and a and b are two fitting parameters. The parameter a reveals the initial linear trend (solid lines) and its calculated found values (in units of pN/µm/mW) are included in the top-left corner of each plot. f-i, Sequential relocation of the trap site along the lateral direction in increments of (g) 20 nm, (h) 10 nm, and (i) 5 nm . j-l, Sequential relocation of the trap site along the axial direction in increments of (k) 50 nm and (l) 25 nm.
information about the particle's axial position. The projections of each frame onto these principal components (PC scores) can be plotted against one another (see Fig. 3d ), featuring a clear trace associated with the axial motion. As explained in the Methods section, by parametrising and calibrating this score-space trajectory, we can work out the z position. The axial coordinate can be calibrated using the x and y trajectories via energy equipartition, since the Brownian motion of the trapped particle is isotropic at high frequencies, which are not affected by the optical trap. A typical particle trajectory is shown in Fig. 3e , where all three Cartesian coordinates are plotted against time. The corner frequencies of the trap can now be extracted from the power spectral densities, shown in Fig. 3f , and with knowledge of the particle size and the viscosity of medium the trap stiffness along each dimension can be estimated. Further details on the tracking procedure can be found in the Methods section. Figure 4a -e summarises our study of the trap stiffness along each coordinate for varying fibre lengths. We used the same segment throughout the study, re-cleaving it several times to shorten its length in increments of 25 mm. To verify that the axial confinement is indeed due to optical forces, the fibre was oriented horizontally so as to eliminate the gravitational effects in the axial direction.
The trapped objects were silica microspheres of 1.5 µm in diameter and the wavelength was 1064 nm. Increasing the fibre length clearly degrades the trap stiffness, particularly in the axial direction. At the same time, we see that the power dependence also visibly departs from linearity, especially for longer fibres. Both these effects are connected to MDL. Even with MDL compensation the available NA is reduced (as shown in 2), moreover for larger fibres the MDL compensation intensifies the power of the lossy modegroups, which leads to temperature increase due to optical absorption. This causes changes to the TM and consequently reduces quality of the optical traps. Comparing these results with the state-of-art HOT systems based on high-NA microscope objectives, our traps are roughly one order of magnitude weaker. This is in good agreement with our expectations -the optical traps only carry about 33% of the output optical power (see Supplementary Results 3 for more details) and, although sufficient for 3-D confinement, the available NA is ≈ 20 − 30% lower.
Next to sufficiently strong confinement, practical applications of HOT also require fine positioning with nanometric precision, which may appear to be inconsistent with our construction of the TM from output modes organised in an orthogonal grid spaced by ≈0.23 µm. This problem may be resolved by realising that any diffraction-limited focus at an arbitrary position on the distal fibre endface can be also expressed as a linear superposition of the distal FPs. For instance, by weighting the relative amplitudes of two neighbouring FPs, we can relocate an optical trap anywhere between them (see Supplementary Results 4 for more details). Such a restriction does not apply to axial positioning since this 3-D holographic optical manipulation through high-NA soft-glass multimode fibre -7/13 is achieved by adding an arbitrarily small amount of defocus to the proximal far-field, as explained earlier.
In order to demonstrate fine positioning, we have implemented these principles to relocate an optical trap in a step-wise manner, both axially and laterally, while recording the particle position. Figure 4g -i reveals that even 5 nm lateral steps (≈ 50× smaller than the separation of the output modes) can still be resolved. Due to weaker localisation in the z-direction, the smallest resolvable axial steps are five times larger (Fig. 4k,l) .
Both these studies clearly confirm that the trapping performance is indeed sufficient even for advanced applications in biomedical research [7, 48] .
Discussion
To the best of our knowledge, this work is the first demonstration of three-dimensional holographic optical manipulation of micro-objects via a single-core optical fibre. In order to allow for this we have introduced a new class of all-solid step-index multimode fibres, which feature a previously unattainable level of NA, exceeding the value of 0.8, necessary for stable optical confinement of silica particles. Further we have introduced novel holographic algorithms that, by taking the mode-dependent loss into account, enable harnessing the available NA almost completely.
Moreover our novel approaches enable positioning of multiple foci independently of one another, with nanometric precision in all three dimensions. The combination of novel fibres and the empowered algorithms therefore significantly enhanced our ability to deliver tightly focussed laser beams into difficult-to-access locations.
The versatility of the new instrument is demonstrated by simultaneous and dynamic 3-D manipulation of large assemblies of dielectric microparticles.
The instrument's footprint can be as small as 35 µm in diameter, allowing us to demonstrate the manipulation of micro-objects within a turbid cavity, inaccessible to bulk optics. Quantitative analyses reveal that the performance of the fibre-based trapping system is not significantly lower than standard geometries of optical tweezers relying on bulk objective lenses. Particle confinement strength and fine positioning control are both well maintained, which suggest that the system is applicable without severe compromises. Other possible concerns might relate to the influence of fibre bending on the quality of resulting optical traps. A phenomenological demonstration of this effect, found in Supplementary Results 5 (see also Supplementary Media SM5), suggests that the resilience of the fibres is sufficient for a wide spectrum of practical applications, including in vivo experiments. Furthermore, it has been recently demonstrated that such deformations can be corrected for based on numerical modelling of light propagation through multimode fibres [35] . This same study also suggests that highly precise numerical modelling can substitute the process of TM acquisition, which can significantly simplify the currently complex experimental methods.
The work opens up new perspectives for the first applications of HOT inside complex environments, excitingly including in-vivo studies. Manipulating optical traps in three dimensions is a vitally important attribute in such applications, because alternative means of mutually positioning the optical traps with respect to the sample (e.g. by the piezo-actuated stages commonly used in vitro) will no longer be feasible. Finally, the work is broadly relevant beyond the applications of HOT, unlocking many new possibilities for modern biomedical research, where current approaches frequently rely on tight focussing of laser light. This work also provides a direct route to implementation of highly advanced imaging techniques and microscopy deep inside living tissues, which due to their optically turbid nature are currently inaccessible for bulk optics.
In the future, we plan to explore the use of light signals reflected back along the MMF both to image the sample and to provide a means of particle tracking, thus eliminating the need for external imaging of the sample.
Optical trapping procedures
The optical trapping experiments start with placing a fibre segment into the optical pathway, which is detailed in Supplementary Figure S1 . The first diffraction order signal of holographically modulated laser light is isolated in the proximal far-field plane and relayed through an oil-immersion medium into the proximal end of the fibre. A water-filled custom-made cuvette composed from 170 µm thick coverslips (inset of Supplementary Figure S1 ) is mounted in the system to immerse the distal end into the liquid. A water-immersion microscope objective lens is translated towards the cuvette from the opposite side with water-index-matching medium being applied in-between the cuvette-objective interface. The optical signal leaving the objective back aperture is further imaged on a CCD using a tube lens. With this configuration, we proceed to measure the MDL and TM [35] , which provides the basis for all necessary holographic modulations (see Supplementary Methods 2 for details). A suspension of silica microspheres (Duke Standards TM with 1.57 µm±0.02 µm in diameter) is pipetted into the cuvette and let diffuse within the water medium. For the following procedures we block the trapping wavelength using a dielectric short-pass filter and provide incoherent illumination of the sample by using an LED at a visible wavelength. For the en face view, the illumination signal is delivered through the high-NA fibre (and the proximal objective), whereas for the side-view a stand-alone Köhler illumination pathway is provided. In all cases when the side-view imaging pathway is used, the water illumination objective is displaced away from the cuvette to allow sufficient space for the side-view imaging lens. A single optical trap or an assembly of traps is generated via computer-controlled SLM modulation which, based on the en face view or side-view camera-feedback, is permanently adjusted manually from a LabView-based interface in order to confine the corresponding amount of particles diffusing into the vicinity of the distal end of the high-NA fibre. Records of the confined particles are then used for demonstrations of the instrument's versatility (Fig. 2 , see also Supplementary Media SM1-SM5) or characterisation of the optical traps (Figs. 3 and 4) . To demonstrate holographic manipulation within complex environments (Fig. 2c ) the semi-opaque cavity is mounted on a lateral wall of the custom-made cuvette. The cuvette containing the cavity is then manipulated with respect to the distal fibre end by a manual 3-D positioning stage.
Particle tracking
Records of a confined particle are obtained with the en face imaging pathway at the frame-rate of 1 kHz and pixel resolution of 200 × 40. For each record of the trapped particle we also provide a background record (with no particles in the field of view), whose time-averaged signal is then subtracted from each frame of the particle record in order to eliminate effects originating from non-uniformities in the illumination signal. The pixel size is 7.4 µm and the magnification of the en face imaging pathway is 66×. The Matlab code, which has been used to analyse the records, can be found at [51] . A time-averaged frame of the whole record is used to determine the approximate position of the particle, and the whole record is cropped to a size of 32 × 32 pixels around the particle's image. Each frame of the record is then subjected to an optimisation procedure where the shift-property of Fourier transform is employed: the 1-D Fourier transform of each row of the image data is calculated, which is multiplied by a phase term of exp(2πi xd x /N), where d x is the horizontal shift to be applied in units of pixels, x is a vector of pixel indices (−N/2, −N/2 + 1, ..., −1, 0, 1, . .., N/2 − 2, N/2 − 1), and N is the size of the vector (N = 32). The inverse Fourier transform is calculated from the result to obtain each row of the spatially shifted frame. The optimisation procedure varies the amount of d x in order to obtain a frame that gives the minimum difference (least-squares sum) from its mirror image. The value of d x maximising the mirror symmetry of the image gives the x-coordinate of the particle for the actual frame in units of pixels size. The same procedure is then applied to each column of the image to symmetrise the frame vertically and obtain the y-coordinate.
Alternatively, the optimisation procedure could search for both coordinates simultaneously using a 2-D Fourier transform, but this has been found to be significantly slower. All symmetrised frames are then reshaped into a vector of 1 × N 2 and placed into columns of a 2-D matrix containing the whole record. The Matlab inbuilt principal component analysis ('pca' command) is used to calculate the principal component vectors (those reshaped back into 32 × 32 pixels are shown in Fig. 3c ) and the score for each frame. The scores of the first two principal components form a clear z-trajectory in the 2-D PC space (Fig. 3d) , where each frame of the record is represented as a single point.
The first step in the parametrisation of the trajectory is searching for the 'origin' point featuring the highest concentration of the score-points in PC space. In the second step, we search for a circular (soft-apertured) subspace, whose centre is displaced from the 'origin' point by a fixed (very small) distance and also features the highest concentration of score-points from all such sub-spaces at the fixed radius from the 'origin'.
This provides the tangential vector to the z-trajectory. Then we sequentially translate the 'origin' point in small increments along the tangential vector, with each step including a correction to the tangential vector. Because the optimisation function, searching for the optimal angle of the tangential vector, has two local maxima for two opposite angles (corresponding to forward and backward displacement), a weighting term providing preferential movement in the forward direction (with respect to the previous iteration) has been included to prevent reversing the motion and cycling. This way, we follow in small increments until we reach the place where the concentration of particles is below a certain threshold. When we reach one end of the trajectory, we reverse the tangential vector and sequentially move the 'origin' point backwards, while keeping record of its actual position in the PC space.
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Further, we extrapolate each end of the obtained z-trajectory beyond the location of the score-points and re-sample it so the distance between neighbouring points is significantly smaller when compared to the expected inaccuracy, which can be estimated from the outer spread (thickness) of the score-point cloud from the z-trajectory. The equidistant z-trajectory is shown as a red line in (Fig. 3d) . Finally, for each score-point (representing a frame of the record) we find the closest point of the reconstructed z-trajectory, whose index is associated with the uncalibrated z-coordinate.
Although it is very reasonable to assume that the z-motion of the particle results in a monotonous response in PC space (moving along a 1-D trajectory), there is no indication that such response shall be linear. Within our experiments, the non-linear behaviour has however only been significant in cases where the particle was confined at very low optical powers. As shown in Supplementary Fig. S10 , which has been obtained for the output power of 2.2 mW, this nonlinearity can be easily characterised by grouping the data into sub-intervals, calculating the standard deviation for each of them and applying a polynomial fit, which then serves as the basis for correction to the z-trajectory.
While the x and y coordinates can be calibrated from the known pixel size and the magnification of the used imaging pathway, the linearised z trajectory can be calibrated by assuming that the Brownian motion at high frequencies is not affected by the trap and therefore remains isotropic along all Cartesian coordinates.
Estimation of the optical trap stiffness
The power spectrum density (PSD) of particle trajectories are used in the assessment of the trap stiffness [48] . The power spectra are calculated as the squared absolute value of the Fourier transform for each trajectory, which is further fitted by a Lorentzian function:
where f is the frequency coordinate of the Fourier spectrum and a and f c are parameters of the fit. The optical stiffness κ can be recovered from the corner frequency parameter f c as: already includes Faxen's law correction, ν is the viscosity of the medium, a is the radius of the particle and h is the distance of the particles centre from the fibre facet. Throughout our analyses of the optical stiffnesses, we have confined the particles at a distance of ≈5 µm away from the fibre. This value has been used as the estimate of the particle displacement from the fibre facet. We note that increasing power causes further axial relocation of the trap away from the fibre, as shown in Supplementary Figure S8c . We have not corrected the hydrodynamic drag constant β for this effect as even in the most affected cases the imprecision in the estimate of h only brings a small inaccuracy to the resulting stiffness values (up to 5%).
